M2-BRANES AND BACKGROUND FIELDS 

Neil LambertQ and Paul RichmoneH 
Department of Mathematics 
King's College London 

The Strand 
London WC2R 2LS, UK 



Abstract 

We discuss the coupling of multiple M2-branes to the background 3-form 
and 6-form gauge fields of eleven-dimensional supergravity, including the 
coupling of the Fermions. In particular we show in detail how a natural 
generalization of the Myers flux-terms, along with the resulting curvature of 
the background metric, leads to mass terms in the effective field theory. 
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1 Introduction 

For a single M2-brane propagating in an eleven-dimensional spacetime with 
coordinates the full non-linear effective action including Fermions and 
K-symmetry was obtained in p]. The Bosonic part of the effective action is 



Here Cmnp is the M-theory 3-form potential, gmn the eleven- dimensional met- 
ric and Tm2 oc M^i is the M2-brane tension. 

If we go to static gauge, a'^ = x^, = 0, 1, 2 then the M2-brane has world- 
volume coordinates x^ and the x^, / = 3,4,5, 10 become 8 scalar fields. 
In this paper we will be interested in the lowest order terms in an expansion 
in the eleven-dimensional Planck scale Mpi. In this case the canonically 
normalized scalars are = x^ / a/Tm2- These have mass- dimension 1/2 
whereas gmn and Cmnp are dimensionless. 

We next seek a generalization of this action to lowest order in Mpi but 
for multiple M2-branes. The generalization of the first term in ([1]) was first 
proposed in [2] [3] [1] [5] . This has the maximal Af = 8 supersymmetry and 
describes two M2-branes in an M^/Z2 orbifold [IH]Pn] but cannot be ex- 
tended to more M2-branes [B] [7] (although there are interesting models with 
Lorentzian signature on the 3-algebra [8] [9]). It was then further generalized 
in [in][II] for arbitrary M2-branes and manifest Af = Q supersymmetry in 
an MVZfc orbifold. 

In this paper we will obtain the generalization of the second term {i.e. the 
Wess-Zumino term) which gives the coupling of the M2-branes to background 
gauge fields. In the well studied case of D-branes, where the low energy ef- 
fective theory is a maximally supersymmetric Yang-Mills gauge theory with 
fields in the adjoint representation, the appropriate generalization was given 
by Myers [12] • In the case of multiple M2-branes the scalar fields and 
Fermions now take values in a 3-algebra which carries a bifundamental repre- 
sentation of the gauge group. Thus we wish to adapt the Myers construction 
to M2-branes. For alternative discussions of the coupling of multiple M2- 
branes to background fields see [T7].[T8]. 

The rest of this paper is as follows. In section 2 we will discuss the 
relevant couplings, to lowest order in Mpi, for the A/" = 8 Lagrangian of 
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mnp 



(1) 



2 



[1] and demonstrate that, by an appropriate choice of terms, the action is 
local and gauge invariant. We will also supersymmetrize the case where the 
background field Gjjkl is no n- vanishing and demonstrate that this leads 
to the mass-deformed theories first proposed in [I3][T1]. In section 3 we will 
repeat our analysis for the case of A/" = 6 supersymmetry, which includes both 
the ABJM [in] and ABJ [TT] models leading to the mass deformed models of 
[T5],[IB]. In section 4 we will discuss the physical origin of the fiux-squared 
term that arises by supersymmetry. In particular we will demonstrate that 
this term arises via back reaction of the fiuxes which leads to a curvature of 
spacetime. Section 5 will conclude with a discussion of our results. 

2 J\f = 8 Theories 

Let us first consider the maximally supersymmetric case. We follow the 
notion and conventions of [21]. Although this case has only been concretely 
identified with the effective action of two M2-branes in an M^/Z2 orbifold 
[I9j[20j it is simpler to handle and hence the presentation is clearer. In the 
next section we will repeat our analysis for the case of A/" = 6. 

2.1 Non-Abelian Couplings to Background Fluxes 

The scalars live in a 3-algebra with totally anti-symmetric triple product 
[X^ , X'^ , X^] and invariant inner product Tr(X^,X"^) subject to a quadratic 
fundamental identity and the condition that Tr(X^, [X'^ , X^ , X^]) is totally 
anti-symmetric in I, J,K,L [1]. An important distinction with the usual case 
of D-branes based on Lie algebras is that Tr is an inner-product and not a 
map from the Lie algebra to the real numbers. In particular there is no gauge 
invariant object such as Tr(X^). Thus the only gauge- invariant terms that 
we can construct involve an even number of scalar fields. 

In this paper we wish to consider the decoupling limit Tm2 — *■ oo since, 
unlike String Theory, there are no other parameters that we can tune to 
turn off the coupling to gravity. In particular it is not clear to what extent 
finite Tm2 effects can be consistently dealt with in the absence of the full 
eleven- dimensional dynamics. 

Assuming that there is no metric dependence we start with the most 
general form for a non-Abelian pull-back of the background gauge fields to 
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the M2-brane world-volume: 



Sc 




(2) 



where a, b, c, d are dimensionless constants that we have included for gener- 
ality and the ellipsis denotes terms that are proportional to negative powers 
of Tm2 and hence vanish in the limit Tm2 oo. 

Let us make several comments. First note that we have allowed the pos- 
sibility of higher powers of the background fields. In D-branes the Myers 
terms are linear in the R-R fields however they also include non-linear cou- 
plings to the NS-NS 2-form. Since all these fields come from the M-theory 
3-form or 6-form this suggests that we allow for a non-linear dependence in 
the M2-brane action. 

Note that gauge invariance has ruled out any terms where the C-fields 
have an odd number of indices that are transverse to the M2-branes (although 
the last term could have a part of the form C^uiCjkl)- This is consistent 
with the observation that the A/" = 8 theory describes M2-branes in an M^/Z2 
orbifold and hence we must set to zero any components of C3 or Ce with an 
odd number of J, J indices. 

The first term is the ordinary coupling of an M2-brane to the back- 
ground 3-form and hence we should take a = N for N M2's. The sec- 
ond line leads to a non-Lorentz invariant modification of the effective 3- 
dimensional kinetic terms. It is also present in the case of a single M2-brane 
action ([T]) where we find 6=1 which we will assume to be the case in the 
non-Abelian theoryjf] The final term proportional to d in fact vanishes as 



Tt{DxX^^,[X-^,X^,X% = \dxTT{X^,[X-',X^,X^]) which is symmetric 



under I, J ^ K, L. Thus we can set d = 0. 

Finally note that we have allowed the M2-brane to couple to both the 
3-form gauge field and its electromagnetic 6-form dual defined by G4 = dC^, 
G-j = dC^ where 



''This is an assumption since the overall centre of mass zero mode that appears in 
([T]) is absent in the non-Abelian generalizations. 



(3) 



4 



The equations of motion of eleven-dimensional supergravity imply that dGr — 
0. However Gy is not gauge invariant under 5C3 = dA2. Thus Sc is not obvi- 
ously gauge invariant or even local as a functional of the eleven-dimensional 
gauge fields. As such one should integrate by parts whenever possible and 
seek to find an expression which is manifestly gauge invariant. 

To discuss the gauge invariance under 50^ — dh.2 we first integrate by 
parts and discard all boundary terms 

Sc = y^"^ j d^x(^NTM2C^.x 

+Ig^,ij TriX', D^X') - ho^jj IV(X^ F^^X') (4) 

Here we have used the fact that C^,y/ and Cfj,i,\ijK have been projected out 
by the orbifold and hence G^^u = 2d[^C^]ij and G^^xijkl = ^d[i^C^x]ijKL- 

We find a coupling to the world- volume gauge field strength Fi^x but this 
term is not invariant under the gauge transformation 6C2 = dh.2. However 
it can be cancelled by adding the term 

Sf = ^e'^'^^ j d^'xTiiX', F^,X')Cxij , (5) 

to Sc- Such terms involving the world- volume gauge field strength also arise 
in the action of multiple D-branes. 

Next consider the terms on the third fine. Although Gy is not gauge 
invariant G7 + ^Cs A G4 is. Thus we also add the term 

ScG = -2^^"^^ J d'x Tr(X^ [X', X^ , X'^]){Cs A G,),,xijkl • (6) 

and obtain a gauge invariant action. 

To summarize we find that the total flux terms are, in the limit Tm2 00, 

Sfiux — Sc + Sf + Scg 

= ^e^""^ j d'x(^NTM2C,,x + lG^,jjTr{X',DxX') (7) 

-c(G7 + ^Cs A G,),,xiJKL Tr{X', [X', X^, X^])) . 
In section 4 we will argue that c — 2. 
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2.2 Supersymmetry 

In this section we wish to super symmetrize the flux term Sfiux that we 
found above. There are also similar calculations in [21] [22] [23] where the 
flux-induced Fermion masses on D-branes were obtained. Here we will be 
interested in the final term since only it preserves 3-dimensional Lorentz in- 
variance (the first term is just a constant if it is Lorentz invariant). Thus for 
the rest of this section we will consider backgrounds where 

Cfiux = cGjjklMX', [X-^,X^,X^]) , (8) 

with 

= -^^^^ijklmnpqG^^^^^ (9) 

and GijKL is assumed to be constant. 

To proceed we take the ansatz for the Lagrangian in the presence of 
background fields to be 

^ = ^JV=8 + ^mass + ^flux , (10) 

where Cj\f=s is the Lagrangian detailed in [1], 

C^ass = ~m^6jjTT{X',X') + feTr(f'r"^^, <i/)GijKL , (11) 

and and B are constants. We use conventions where and e are eleven- 
dimensional spinors satisfying the constraints roi2^ = — ^ and roi2e = e. 

As shown in [1] , £.j\f=^ is invariant under the supersymmetry transforma- 
tions 

5Xi = leV'^la 

= leV^TiXim^r''', (12) 

We propose additional supersymmetry transformations of the following form 

6'Xi = 

5'A^\ = (13) 
S'^, = uT^'^^T'^eX^^GjjKL , 
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where a; is a real dimensionless parameter. 

Applying the supersymmetry transformations to the mass deformed La- 
grangian gives 

5C = {5' + 5){Cf^=s + Cmass + C,flux) (14) 

= {iu + 2b) Tr(^r''r^^«^r^e, D^X')Gmnop 

+1^ iv(^r^-^r^^o^r^6, [x\ x\ x^dGmatop 

-| Tr(^r^^«^r"^6, {X\ X\ X^\)Gu^oP 

+4icIV(^r^e, \X\x'',X''\)GijKL 
+im2(5/jTr(^r^e,X'^) 

+26u;Tr(^r^^^^r^^o^r«e,X«)G,^^^GMivop ■ (15) 

To eliminate the term involving the covariant derivative we must set h — —iuj/2. 
Substituting for 6, expanding out the gamma matrices and using anti-symmetry 
of the indices yields 

5C = ^Tr(^r™^^^6,[X^X^,X^])GMivoP 

+ {Aic - mu) Tr('l'r^e, [X\ X\ X'^\)Glijk 
Mm^bijllx{^Vh,X^) 

Trl^T^^r^^^^r^e, X')G jklmG^opq • (16) 

Defining = Gjklm^"^^^^ and using Hodge duahty of the gamma matrices 
leads to 

~5C = ^-^{-l + ^-i.)GujKTr(^rh,[X^,X',X^]) 

+t Tr{^ (m^ - uj^dd) r^e, X') . (17) 
Invariance then follows if the following equations hold 

(^-1 + £^ - ^) Gl7jk = and (^m^ - u; r^e = . (18) 

Since we assume that c 7^ 0, the first equation implies uo = c/8 and G is self- 
dual. It follows from the result Y'^'^^^'^^^i^^) = ^ that the second equation is 
satisfied by 

(g(g = ^(i + r3"(io)^ ^^9) 
7 



Expanding out the left hand side and using the self-duahty of G one sees 
that this is equivalent to the two conditions 

m^^^^G^ and Gmn[ijGkl]^''' = Q , (20) 

where = GuklG^^^^- 

The superalgebra can be shown to close on-shell. We first consider the 
gauge field and find that the transformations close into the same translation 
and gauge transformation as in the un-dcformed theory; 

^v''F^,\ + D^A\ , (21) 

where = -2ie2r^ei and A\ = iesFji^eiX/X^/^'^. 

In considering the scalars we find a term, 2iuje2T^^'~'^^'^eiX^GMNOPi 
which can be transformed into an object with two gamma matrix indices by 
utilizing the self-duality of the flux. We flnd that the scalars close into a 
translation plus a gauge transformation and an SO (8) R-symmetry, 

- v>^D,Xi + K\Xl + iR'jXi , (22) 

where j — A&uje2V^^ e-iGuNU is the i?-symmetry. 

Finally we examine the closure of the Fermions. We find again a term 
incorporating r(^) which can be converted to F*^^^ using self-duality of G. 
Continuing, we find 

[^iM'^a = [5l + 5i,52 + (5^]*„ (23) 

+ ^i?Mivr^^*„ . (24) 
Here E'-^ is the mass deformed Fermionic equation of motion, 

E'^ = T'^D^^a + ^TjjXX^,r''\ - a;r^^o^*„GMivop ■ (25) 
Consequently, we find that on-shell 

[^1, ^2]^a = V^'D^^a + A'a^b + '-RmnT'' a ■ (26) 



We also verify that the Fermionic equation of motion maps to the Bosonic 
equations of motion under the supersymmetry transformations. From the 
proposed mass deformed Lagrangian the scalar equation of motion is 

?■ - 8V 
E'^ = D^Xi--^>j:''Xim,r''\-^^-m'Xi-AcXiX^Xir'\GuKL = . 

(27) 

The equation of motion for the gauge field is unchanged and is given by 

E'^ = F,,\ + E^^y^iXiD^Xi + '-^,V''^d)r''\ = . (28) 
Taking the variation of the Fermionic equation of motion (!25|) gives 

= r'r^x^E'^e + r'E'^e 

+ T (-1 + £ - ^) GujKT'^eX^.X^X^r^ 

+ (m' - ^^r^^^^^r^^^^Gp^xyzGM^op) T^eX^ . (29) 

Therefore consistency of the equations of motion under supersymmetry again 
implies that the conditions (fT8l) must be satisfied. 
Let us summarize our results. The Lagrangian 

£ = -^Tt{D^X',D^X')+'-Tt{^T^,D^^)+'-Tt{^Tjj,[X\x',^I!]) 

-V - Ccs - lm%j Tt{X', X') - ^ Tr(^^^^^^ ^)Gjjkl 

+c Tr([X^ X\ X^] , X'^)GijKL (30) 
is invariant under the supersymmetries 
8Xi = teT'^a 

SA,\ = ^er^r.Xj*,/^'^^ (31) 

S^a = D.Xim'e - \xlXiX^f^\T''^e + ^F^^^F^^eXf G,,^^ 

o 8 

provided Gijkl is self-dual and satisfies (l20l) . Moreover the supersymmetry 
algebra closes according to 

[6i, 62]Xi = v^D^Xi + K\XI + iR'jXi (32) 
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Taking 

G = fi{dx^ A dx^ A dx^ A dx^ + dx'^ A dx^ A dx^ A dx^^) (33) 
readily leads to the mass-deformed Lagrangian of [13] [S] . 

3 J\f = 6 Theories 

Let us now consider the more general case of A/" = 6 supersymmetry and in 
particular the ABJM [10] and ABJ [TT] models which describe an arbitrary 
number of M2-branes in an M^/Z^ orbifold. We will use the notation and 
conventions of [24J. Since the discussion is similar in spirit to the A/" = 8 
case we will shorten our discussion and largely just present the results of our 
calculations. 



3.1 Non-Abelian Couplings to Background Fluxes 

In the Af = 6 theories there are 4 complex scalars and their complex 
conjugates Z^- These are defined in terms of the spacetime coordinates 
through 

Z^ = + tx^) = / (x^ + tx^) 

Z^ = ^^(x^-^x^) = ^^(x^-zx^O) . 

v2Tm2 v2Tm2 

In particular we will take the formulation in [23]. The scalars and Fermions 
are endowed with a triple product [Z^, Z^; Zc] or [Za, Z^\ Z'^] and an inner- 
product Tr(Z^, Z^) subject to a quadratic fundamental identity as well as 
the condition Tt{Zd, [Z^, Z^; Zc])* = -Tr(ZA, [Z^ , Z^; Zb]). To obtain the 
ABJM/ABJ models ^1][I0] one should let the fields be m x n matrices and 
define 

[Z^, Z^; Zc] = XiZ^Zlz"" - Z^'zlZ^) . (34) 

where A is an arbitrary (but quantized) coupling constant. As such the gauge 
invariant terms always involve an equal number of Z and Z coordinates. 
Again this is consistent with the interpretation that the M2-branes are in an 
C^/Zfc orbifold which acts as Z^ e~Z^. 
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Following the discussion of the previous section we start with 
Sc = ^e'^"^ j d'x(^NTM2C^uX + lc^^BTr{D,ZA,DxZ'') 
+ ^C^A''TTiD,Z^\DxZB) 

+ yC^/''cD Tr([D,Z^, [Za, Zb; Z^])) • (35) 

Integrating by parts wc again find a non-gauge invariant term proportional 
to e^^^ FnxC ijf^ B which is cancelled by adding 

Sf = le'^'^J d'xC^''BTr{ZA,F,xZ'') + C^A''Tr{Z'',F,xZB) • (36) 
As with the case above we also must add 

ScG = -^6^^' jd'x{CsAG,),,AB''''Tr{ZD,[Z'',Z'';Zc]) (37) 
to ensure that the last term is gauge invariant. Thus in total we have 
Sfiux — Sc + Sf + Scg 

Tr{ZA, OxZ"") + ^G^^a"" Tt{Z^, D^Zb) (38) 
-{{Gi + A G4)^.A^B^^ Tr([Z^, [Z^, Z^- Zc])) . 

3.2 Supersymmetry 

Following on as before we wish to supersymmetrize the action 

where Cj^=q is the — 6 Chern- Simons- Matter Lagrangian. We restrict to 
backgrounds where 

Cfi^, = I Tr{[Zn, [Z^, Z^; Zc\)Gab'''' , (40) 
11 



with 

11 

Gab^^ = ——^^^^"^{G-j + -C3 A Ga)^u\ab'^^ 

— -^^ABEF^^^'^^ G^^ GH ■ (41) 

Finally we take the ansatz for Cmass to be 

C^mass = -m" Tr{ZA, Z^) + 6Tr(V'^, i^F)GAE^^ ■ (42) 

We propose the following modification to the Fermion supersymmetry vari- 
ation 

S'^Ad^coeoFZ^GAE'"'' , (43) 

where 0; is a real parameter. 

After applying the supersymmetry transformations to C we find that 
taking b = —iuj eliminates the covariant derivative terms. The terms that 
are second order in G must vanish separately and this gives the condition 



Gae'^'^Gsf^'^ = ■ (44) 



The remaining terms in the variation are 

5C = +2za;Tr(ZB,[^^e^^,Z«;ZQ])G'Ai^^^ 
+iuTi{Zd, [^^e'?^, Z^- Zq])Gae'''^ 

+2iuj Tx{Zd, [ipKe^'', Z""; Zf])Gae''^ (45) 
+i Tr{Zn, [i^Ke^"", Z^; Zc])Gab'''' 
+!^e^KQD^^j^^^r{Zn, [^^e^^, Z^; Zq])Gae''' 

+C.C. , 

where we have made use of the reality condition epp — \sijpp e^^ . To 
proceed we need to restrict G to have the form 

r CD_^^cr< ED ^xCr< ed ^s^r ec,^sdp^ ec (Ap^\ 

'^AB — -^O^^jTAE — -Oa^BE — -Op^AE + '^'Ja^BE , (,40j 

with Gae^^ = 0. Substituting for Gab'"^ allows us to factor out the com- 
mon term Tt{Zp,[iIjk^^'^ , Z^; Zq])Gae^^ ■ This factor is separately anti- 
symmetric in IJ and DQ so after expanding out s^'^^^Supp — AlS'^'^f^^^ 
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we have 



5C = iu{^-^-2){5f5'^5'^5i + 5f5'j5'^5j.) 



X Tr(Z^, [i^Ke'^, Z^- Zq\)Gae''' (47) 

+C.C. 

Therefore the Lagrangian is invariant under supersymmetry if = c/4. Tak- 
ing the trace of equation (H4|) allows us to deduce that 

= ^-c^C (48) 
32-4! ^ ' 

where = ab^^'G^'' cd = 12Gae''''Gbf^^- 

In examining the closure of the superalgebra we find 

[^i,^2]Vd = v''F^,'^, + D^iA-a,r'--,) (49) 

[S^,62]Z^ = v^D^Zj + K,,r'-^,Z^-iR^BZ! -lYZj (50) 

where 

V' = -/.^I'^'cD (51) 

Acb = 'i{^2^(^cE ~ ^l^(^CE)^DcZh (52) 

_ ,,((zAC2 zACA \ ^(zEC2 zECl \xa\ A^-^c^Q^ 

^ B — ^ ^DB~^2 ^DB)~'^\.^l ^ De)^^ B j '-^ CM ^Ooj 

^ - ^1^1 (^DE-(^2 (^De)'^CM ■ (,04 j 

Acting with the commutator on the Fermions gives 

--(.ei (^2AD-e2 eiADjJ^cd 
+ l{ef''lue2AB)YE'j,, 

+iR^D^Ad - iYtpDd (55) 

provided the 4-form satisfies Gae^"^ = 0. The new Fermionic equation of 
motion is 

E'c, = YD^^cd + r''~'d^CaZl^Zn,-2r'-',^DaZl^Zc-c 

-ecDEFr'^'d^z Za Z^ + -GcE^^-ipBd ■ (56) 
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Consistency of the Bosonic and Fermionic equations of motion under super 
symmetry requires that Gae^^Gbf^'^ 
as found in demonstrating invariance of the action. 
Choosing Gab^^ to have the form P6l) with 



^(5^, which is the same condition 



Gab 



BC 



1 
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(57) 



j;ives the mass-deformed Lagrangian of 



4 Background Curvature 

Our final point is to understand the physical origin of the mass-squared term 
in the effective action which is quadratic in the masses. Note that this term 
is a simple, S'0(8)-invariant mass term for all the scalar fields. Furthermore 
it does not depend on any non-Abelian features of the theory. Therefore we 
can derive this term by simply considering a single M2-brane and compute 
the unknown constant c. 

We can understand the origin of this term as follows. We have seen 
that it arises as a consequence of supersymmetry. For a single M2-brane 
supersymmetry arises as a consequence of K-symmetry and K-symmetry is 
valid whenever an M2-brane is propagating in a background that satisfies 
the equations of motion of eleven-dimensional supergravity pj. 

The multiple M2-brane actions implicitly assume that the background 
is simply flat space or an orbifold thereof. However the inclusion of a non- 
trivial flux implies that there is now a source for the eleven-dimensional 
metric which is of order flux-squared. Thus for there to be K-supersymmetry 
and hence supersymmetry it follows that the background must be curved. 
This in turn will lead to a potential in the effective action of an M2-brane. In 
particular given a 4-form flux G4 the Bosonic equations of eleven-dimensional 
supergravity are 

p ^„ p ^ pqr ^ /~i2 

ci * G4 - ^G4 A G4 = . (58) 
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At lowest order in fluxes we see that gmn = Vmn and G4 is constant. However 
at second order there are source terms. To start with we will assume that, 
at lowest order, only Gjjkl is non- vanishing. To solve these equations we 
introduce a non-trivial metric of the form 



where u = lj{x^) = u{X^ /Tlj^) and gu = gij{x^) = gi.j{X^ /T^^^). 

Let us look at an M2-brane in this background. The first term in the 
action ([1]) is 

Si = -Tm2 j c/^x-^-det(e2-r/^, + d^x^d^x^gu) 
= -Tm2 j d^x e'^ [\ + ]^e~''^d^x'd^x'gij + . . 



(60) 



d'x ( TM2e'" + ]fd^X'd^X'gjj + . . . 



Next we note that, in the decoupling limit Tm2 — ^ 00, we can expand 

g2.(x) ^ g2.(XVx/7V^) = 1 + ^^^jX'X' + . . . , (61) 

T-M2 

and 
so that 



9i.Ax) = gij{X'/^/f^2) =5ij + ... , (62) 



5i = - y d'x (^Tm2 + SuijX'X' + ^d^X'd>'X'6u + . . )j , (63) 

where the ellipsis denotes terms that vanish as Tm2 00. Thus we see that 
in the decoupling limit we obtain the mass term for the scalars. Similar mass 
terms for M2-branes were also studied in [25] for pp-waves. 

To compute the warp-factor u we can expand gmn = Vmn + h^n, where 
hmn is second order in the fluxes, and linearize the Einstein equation. If we 
impose the gauge d"^hmn — \dnh^p = then Einstein's equation becomes 

2*^^*^^ ( ^mn "^^mnhq^ \ ^ mpqrGr rJ"^ ^ "^gmnG . (64) 
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This reduces to two coupled sets of equations corresponding to choosing 
indices {m,n) = (/i, z/) and {m,n) = {I, J)- Contracting the latter with 6^"^ 
one finds that hj^ = Ahp^ and hence hp^ = — With this in hand the 
(m, n) = (/i, z/) terms in Einstein's equation reduce to 

did'e'- = , (65) 

and hence, to leading order in the fiuxes, 

e'" = 1 + -^G%jx'x' , (66) 
so that 5*1 contributes the term 

51 = - [ (fx -^G^X^ (67) 

y 32-4! ^ ' 

to the potential. 

Next we must look at the second, Wess-Zumino term, in ([1]); 

52 = ^l d'xe^'^'C,.,. (68) 

Although we have assumed that C^^x = at leading order, the C-field equa- 
tion of motion implies that Gj^ux = diG^^x is second order in Gukl- In 
particular if we write C^^a = CqCm'^a we find, assuming Gukl is self-dual, 
the equation 

did'Co = ^G' , (69) 
where = GuklG^'^^^- The solution is 

Go = -^—G^5ijx^x^ . (70) 
32-4! ^ ' 

Thus we find that 5*2 gives a second contribution to the scalar potential 

S, = -j d'x ^G'X' . (71) 

Note that this is equal to the scalar potential derived from Si. Therefore 
if we were to break supersymmetry and consider anti-M2-branes, where the 
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sign of the Wess-Zumino term changes, we would not find a mass for the 
scalars. 

In total we find the mass-squared 



Comparing with (!20|) we see that = 4, e.g. c = 2. Note that we have 
performed this calculation using the notation of the A/" = 8 theory, however 
a similar calculation also holds in the A/" = 6 case with the same result. 



5 Conclusions 

In this paper we discussed the coupling of multiple M2-branes with J\f = 
6, 8 supersymmetry to the background gauge fields of eleven-dimensional 
supergravity. In particular we gave a local and gauge invariant form for 
the 'Myers terms' in the limit Mpi —>■ oo. We supersymmetrized these fiux 
terms in the case where the fiuxes preserve the supersymmetry and Lorentz 
symmetry of M2-branes to obtain the massive models of [13] [H] [15] [16] . We 
also showed how the fiux-squared term in the effective action, which arises 
as a mass term for the scalar fields, is generated through a back reaction of 
the fiuxes on the eleven-dimensional geometry. 

The results we have found using gauge invariance fit naturally with the 
M^/Zfc orbifold interpretation of the background. However for the TV = 6 
theories with A; = 1,2 the orbifold action is less restrictive and this allows 
for additional terms. In particular for k = 2 we expect terms where total 
number of and Zb fields are even (but not necessarily equal). In addition 
for k = 1 there should be terms with any number of Z^ and Zb fields. Such 
terms are not gauge invariant on their own but presumably can be made so 
by including monopole operators which, for k = 1,2, are local. 
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